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A numerical procedure is presented for solving the equations of Stokes flow past
a fixed bed of rigid particles and the equations describing the motion of a suspen-
sion of rigid particles upon which a specified force and torque is exerted, for general
flow configurations and arbitrary particle shapes. The problem is formulated in terms
of an integral equation of the first kind for the distribution of the boundary traction
incorporating a Green function that observes the periodicity of the flow and the geom-
etry of the boundaries of the flow, accompanied by appropriate boundary conditions
and integral constraints. The integral equation is solved for two-dimensional flow
by a spectral-element orthogonal-collocation method. Two important components of
the numerical method are (a) preconditioning of the linear system that arises from
the discretization of integral equation followed by reduction to remove the eigen-
functions corresponding to the null eigenvalue over each particle surface and (b) a
physically motivated iterative solution of the master linear system based on parti-
cle clustering. It is found that, for the purpose of computing the force and torque
exerted on fixed particles and the velocity of translation and angular velocity of rota-
tion of freely suspended particles, the orthogonal collocation method has significant
advantages over the trapezoidal discretization. The iterative solution of the integral
equation converges even for closely spaced particles where each particle is treated as a
cluster. (© 1999 Academic Press

Key Words:boundary-integral methods; boundary-element methods; spectral-
element methods; particulate flow; Stokes flow.

I. INTRODUCTION

Viscous flows past fixed beds of particles and flows of suspensions of rigid particles a
in a broad spectrum of natural, physiological, and engineering applications. The diver
of these flows is best demonstrated by citing a few characteristic examples.

Flow past fixed beds of particles has been studied with reference to the hydrodynar
of consolidated and non-consolidated porous media. Investigations of flow through reg
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and random arrays yield information on the dependencies of the medium permeability
species dispersivity on the geometry of the microstructure. Flow through fibrous matri
consisting of networks of slender particles is encountered in the fabrication of absork
tissues and industrial composites, and their modeling provides guidelines for the enginee
design of these materials. Suspensions of rigid particles occur in a large number of indus
processes, such as slurry transport, photographic emulsion coating, paste manufactt
and foodstuff handling. The study of the rheological and transport properties of the
suspensions and the analysis of the dynamics of their microstructure define animportant
of fundamental and applied research. Finally, two-dimensional suspensions of cylindr
particles have been studied as models of bilayered biological membranes hosting prot
Among other properties, the protein diffusivity may be estimated by dynamical simulati
using methods of hydrodynamics.

In the vast majority of the aforementioned applications, the size of the particles is sm
the flow occurs at effectively zero Reynolds number, and the motion may be descri
on the basis of the linearized equations of Stokes flow. Early investigations of visct
particulate flows considered configurations with one or two interacting particles usi
analytical, semi-analytical, and perturbations methods. Reviews were given by Hay
and Brenner [1] and, more recently, by Kim and Karrila [2]. The development of eff
cient and accurate numerical methods that allow the simulation of systems contair
a large number of particles with arbitrary shapes has been a long-standing desire. (
the past 15 years, theoretical advances in the field of computational particulate mi
hydrodynamics and the availability of computing power have allowed the development
several viable approaches, as will be reviewed in the remainder of this Introduction. In
discussion, we do not include methods for flows with suspended deformable particles
cluding drops, bubbles, and capsules [e.g., 3]. An overview of methods for simulating th
flows will be given in a forthcoming special issue of this journal dedicated to multi-pha
flow [4].

Early efforts to perform large-scale numerical simulations of suspensions of rigid partic
are reviewed by Barnest al. [5]. The development of the Stokesian dynamics method b
Brady and co-workers and others considerably enhanced our ability to simulate large-
systems [6—8]. The numerical algorithm combines the method of multi-pole expansi
originating from the boundary-integral representation to account for far-field interactic
Faxen’s laws to compute the force and torque exerted on a particle due to the flow induce
all other particles, and lubrication-flow corrections to account for near-contact interactio
The method has been used on several occasions to simulate flows past fixed arra
spherical particles and flows of monodisperse and polydisperse suspensions of sphe
particles (e.g.,[9-11]). A generalization of the method to account for non-spherical partic
shapes is possible [12], but the loss of numerical efficiency and analyticaly tractability i
practical impediment.

Sangani and Mo [13] developed an improved version of the method of Stokesian dyn
ics, whose distinguishing feature is that lubrication forces developing between neighbol
spherical or circular particles are modeled by point-force-dipole singularities placed at
gaps. In a subsequent study [14], the improved method was combined with a fast surnr
tion algorithm that is able to handle sums over a large number of Stokes flow singulari
resulting from the multi-pole expansions. The integrated approach yields a powerful al
rithm that can be used to simulate systems of large size. An extension of the metho
non-spherical or non-circular shapes has not been developed.
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In addition to the preceding approaches, lattice Boltzmann methods for viscous flc
were developed by Ladd (e.g., [15]), and finite-element methods were developed by Hu [
The former allows the simulation of a large number of particles, on the order of seve
thousand, and is able to handle flows at vanishing as well as non-zero Reynolds numl
On the downside, the accuracy of the method has not been discussed in detail, an
implementation involves specialized algorithms that lie beyond the main stream of flt
dynamics. The finite-element method combines an impressive collection of algorithms
dynamic regridding, but demands substantial computational resources.

The ability to compute Stokes flow by solving an integral equation of the first kind fc
the distribution of the traction over a particle surface was first demonstrated by Young
and Acrivos [17]. Although the method has been applied widely to study a variety of i
ternal and external flows, only a limited number of numerical simulations of multi-partic
systems have been carried out (e.g., [18-20]). A serious concern is the non-uniquene
solution of the integral equation resulting in nearly singular linear systems whose cor
tion number increases rapidly as the numerical error becomes smaller (e.g., [21, p. 2(
Although, in practice, ill-conditioning may not be detrimental for the accuracy of the sol
tion, it nevertheless casts a shadow of doubt on the reliability of the numerical method. Pre
cal concerns associated with high computational times required for compiling the influe
matrix and then solving the dense linear system resulting from the discretization of
integral equation also arise. These concerns, however, are typical of generalized m
particle systems and may be addressed with the implementation of general-purpose n
ods [14].

To circumvent the issue of non-uniqueness of the integral equation, Power and Mira
[22] and Kim and Karrila[2] developed a completed double-layer representation that forn
lates the problem in terms of an integral equation of the second kind with a unique solut
for the fictitious density of a double-layer potential (see also [23, Chap. 4]). In the case
the mobility problem, where the force and torque exerted on the particles are specified
the translational and angular velocities are to be computed, the deflated integral equz
may be solved by the method of successive substitutions, and the translational and a
lar velocities arise as part of the solution. Phan-Thien and Kim [21, pp. 228-229] pres
results of a numerical simulation of the motion of 1320 particles carried out on a netw
of 11 workstations with parallel processing using the PVM communications protocol.

In a complementary approach, Kim and Karrila [2] and eaml [24] formulated the
mobility problem in terms of an integral equation of the second kind with a unique s
lution for the distribution of the traction over the particle surfaces. The weakly singul
kernel of the integral operator is the adjoint of that of the double-layer potential. A mc
general formulation that incorporates a hypersingular integral in the forcing term of the in
gral equation was discussed by Ingber and Mondy [25].dtah [24] presented numerical
solutions for the instantaneous flow of triply periodic suspensions with up to 33 particl
conducted on parallel processors. To this end, we point out that in most application:
particulate flow, the quantities of primary interest are the force and torque exerted o
stationary particle or the velocity and rate of rotation of a moving particle. The tracti
distribution or density of a fictitious hydrodynamic potential is significant only insofar ¢
it is able to produce these macroscopic variables, and their computation may be rega
as an inevitable intermediate step.

In this work, we develop and study several aspects of the direct boundary-integral met
for Stokes flow past rigid particles, formulated in terms of an integral equation of the fil
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kind for the distribution of the traction over the particle surfaces and involving the sing|
layer hydrodynamic potential. Advantages of the single-layer formulation compared to
double-layer formulation and its adjoint are conceptual simplicity, resulting in compult
memory savings, and economical evaluation of the Green'’s function kernels. First, we
plement a spectral-element orthogonal-collocation method for solving the integral equa
of the first kind and assess its efficiency in comparison with the trapezoidal discretizati
Similar collocation methods for solving integral equations of two- and three-dimensior
Stokes flow were developed by Occhialeti al. [26] and Muldowney and Higdon [27].
Here, we focus on the aspects of the method pertaining to particulate flow. Second,
develop a method for eliminating the multiplicity of solutions of the integral equation &
projecting the linear system that arises from the single-layer discretization into the space
is orthogonal to the discretized eigenvectors of the transpose of the single-layer poter
Third, we show that a simple iterative procedure for solving the linear system based
particle clustering converges even in the case of closely spaced particles.

In Sections 1l and lll, we introduce two related boundary-integral formulations ar
associated numerical methods. The first formulation pertains to the resistance prot
involving viscous flow past a fixed bed of rigid particles, and the second formulation pi
tains to the mobility problem involving the flow of a suspension of rigid particles upc
which a specified force and torque are exerted. The formulations are developed with
erence to two-dimensional flow, but this is done only to facilitate the presentation &
to allow us to perform extensive numerical experimentation. Analogous formulations
three-dimensional flow arise by straightforward, albeit nontrivial generalizations, as will
discussed in the concluding section.

Il. FLOW PAST A FIXED BED OF PARTICLES

Consider Stokes flow past a fixed bed of two-dimensional particles, as depicted in Fic
To develop the boundary-integral formulation, we decompose the velocity field into t
unperturbed component denoteduds and a disturbance component denotediasThe
incident velocity is defined as follows:

e For shear flow past a solitary or periodic collection of particles above a plane w
located aty = w, as illustrated in Figs. 1a, 1b,

18
u;”:k(y—w)+§;(y—w)2, u¥ =0, 1)

wherek is the shear rate at the walljs the pressure gradient, apds the fluid viscosity.
The associated incident pressure field is giverpBy=35x. In Fig. 1b,L is the period of
the flow.

e For flow past a periodic collection of particles in a channel that is confined betwe
two parallel plane walls, as illustrated in Fig. 1c,

y+h
h

upy =Us + Uz —Uy) 2

13
+5—(y*—h%), u@=0 2)
21 y
The channel centerline is locatedyat 0, h is the channel semi-width); is the velocity
of the lower wall,U; is the velocity of the upper wall, antlis the pressure gradient. The
associated incident pressure field is given®y= éx.
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FIG. 1. Schematic illustration of several configurations involving flow past a fixed bed of rigid particles «
flow of a suspension of rigid particles upon which a specified force and torque is exerted.

e For uniform flow past a doubly periodic array of particles representing, for examp!
a porous medium, as illustrated in Fig. 1d,

uP =U, uy=0, ©)

whereU is the constant velocity of the incident flow determining the flow rate through tt
array. The associated pressure field is uniform.

To avoid the ill-posedness of two-dimensional Stokes flow in a unbounded dome
we consider shear flow, doubly periodic flow, and flow bounded by an infinite wall. Tt
distribution of the traction over the particle surfacéss o - n, whereo is the Newtonian
stress tensor andlis the unit vector normal to the particle contours pointing into the fluid
satisfies the integral equation of the first kind

/CG 5 (X0, £ 0) dll () = 4 0 U (x0), )

whereC is the collection of all particle contours, the poiqtlies onC, | is the arc length

along C, and G is the Green'’s function of the equations of Stokes flow observing tf
periodicity and respecting the geometry of the boundaries of the flow under considera
[22]. The Green’s functions for all types of flows illustrated in Fig. 1 are available in close
or transcendental but readily computable form (e.g., [23, 28]). It is important to emphas
that all information regarding the flow periodicity or boundary geometry is carried by tf
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Green'’s function, and an explicit consideration of the boundaries is not required. Thus,
numerical methods to be discussed are applicable to a broad range of flows selected |
appropriate choice for the Green'’s function.

The Green'’s functions of Stokes flow satisfy the symmetry property

Gji (X0, X) = Gij (X, Xo), )

which ensures that the integral operator on the left-hand side of (4) is self-adjoint.
The integral equation (4) has an infinite number of solutions: conservation of mass
the flow induced by a point force requires that

/C Nn;j (Xo) Gji (Xo, X) dl(Xg) = 0, (6)

whereCy is the contour of théth particle. Combining this identity with the symmetry
property (5), we find

Gji (Xo, X)N; (x) dI(x) = 0. (7
Ck

Because of identity (7), any particular solution of the integral equation (4) over a pa
cle surface may be enhanced with an arbitrary multiple of the normal vector. To this e
it should be pointed out that the density of the single-layer potential in (4) is a genel
ized mathematical traction playing the role of a distribution density. The physical tracti
arises by using the boundary-integral representation to evaluate the stress in terms c
corresponding Green'’s function.

Projecting both sides of (4) onto the normal vector onktieparticle, integrating with
respect to arc length around the particle contour, and using identity (6), we obtain
solvability condition for (4)

g R () nj(x)dl(x) =0, (8)

whereR stand for the right-hand side of (4). Fortunately, this condition is satisfied for a
incompressible incident flow, including the flows described by Egs. (1)—(3).

A. Orthogonal Collocation

In practice, Eq. (4) is solved routinely by boundary-element methods. First, each part
contour is discretized into a collection of elements that may be straight segments, paral
or high-order elements, or native elements of the particle shapes considered. Seconc
traction over each element is approximated with a truncated expansion of basis funct
of a selected class. In the simplest approach, the traction over each element is ass|
to be constant, corresponding to the trapezoidal discretization. Requiring the satisfac
of the integral equation (4) at an appropriate number of collocation points, we obt
a linear system of equations for the coefficients of the basis functions. For the purpos
computing integrals of the traction and its moments with respect to arc length, the trapezc
discretization might appear to be the best choice: the Euler—-MacLaurin formula appe
to indicate that these integrals converge at a super-algebraic rate. The singular natu



366 C. POZRIKIDIS

the Green'’s function, however, introduces algebraic error terms that decelerate the ra
convergence.

We implemented an orthogonal collocation method with polynomial basis functions o
each boundary element along the particle contours for solving the integral equation
The Cartesian components of the traction are expressed in terms of an expamsigriof
polynomials over each element, wheneas the highest polynomial order. The independen
variable of the local expansion is the scaled native parameter that describes the sha
the boundary element, varying over the intervall| 1] from the first to the second end
point. Them+ 1 collocation points are placed at the scaled zeros ofmas {)-degree
orthogonal polynomial of a certain class. The simplest chaite; 0, approximates the
traction with a constant function over each element and requires one collocation pc
Following the standard implementation of the spectral-element method in terms of no
expansions [e.g., 29], we express the polynomial expansion over each element in tern
Lagrange interpolation polynomials multiplied by the values of the traction at the collocati
points. The influence matrix of the integral equation is computed numerically by the mett
ofimpulses, which involves (a) setting the value of the traction at all collocation points eq
to zero except at one test point where one component is set equal to unity and (b) compt
numerically the single-layer integral on the left-hand side of (4) at all collocation points

The Green'’s function exhibits a logarithmic singularity at the collocation points that she
an element with the test point. The corresponding Lagrange polynomials take the valu
unity at the test point and vanish, at a generally linear rate, at all other element colloca
points termed the non-singular native collocation points. Consequently, the integranc
the single-layer potential is singular at the test point and regular at the non-singular na
collocation points. Since, however, the derivatives of the integrand are singular at the r
singular native collocation points, the use of the Gauss—Legendre quadrature to com
the weakly singular boundary integrals introduces a substantial amount of numerical e
that causes the solution of the linear system to be visibly sensitive to the number of Gal
Legendre integration points employed. Numerical experimentation showed that ever
Gauss-Legendre quadrature points over each element are not sufficient for obtaini
solution that is independent of the number of quadrature points.

To circumvent this difficulty, we subtract the product of the logarithmic singularity an
the Lagrange interpolation polynomials from the single-layer potential and then comput
with high accuracy using a four- or five-point integration quadrature for integrands with
logarithmic singularity. The integration is performed with respect to the natural parame
of the boundary-element shape. The five-point quadrature integrates exactly integrals
Lagrange interpolants of degree less than or equal to 9, which is sufficient for the purpc
of the present study. The remaining regular integrals are computed by the 6- or 12-p
Gauss—Legendre quadrature. With this implementation, the results are confirmed tc
independent of the number of quadrature points at least up to the eighth significant figt

In the majority of applications, we are interested in the force and torque exerted on
particles for the purpose of estimating, for example, the permeability of a porous mediun
the resistivity of a membrane. This practical desire motivates placing the collocation poi
atscaled zeros of Legendre polynomials so that, in the absence of singularities, the integ
the traction with respect to arc length can be computed directly from the numerical solut
with the highest possible accuracy using the Gauss—Legendre quadrature. Accordir
the collocation points were placed at the scaled zeros of Legendre polynomials over
boundary elements.
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After the integral equation has been discretized and applied at the collocation pa
we obtain a linear algebraic system for the Cartesian components of the traction at
collocation points,

Az=Dh, 9)

whereA is the master influence matrix abds a constant vector. The size of the system (9
is equal to twice the number of boundary elements over all particles. The waxdnotains
the unknowrx andy components of the traction at the collocation points over all element
arranged in the lexicographic order

_ (11 £12 LNe: £1,1 £12 1,Ne1
z= (£} £12 L fhNe g1 £12 L fLN
21 £22 2,Nc2 21 £22 2,Nc2
21122 f2Ne £21 0§22 f2N
1 i,2 i,N il ¢i,2 i,N (10)
I, I, [ I, B 1, Neij
RS ACURE VLI VRS PRI
N,1 N,2 N, Ne n N,1 N,2 N, Ne,n
AN ENZ N Nen (N gNZ NN )

where f-) is thex component of the traction on theh element of theth particle,N; is
the number of collocation points around the contour of theparticle, andN is the number
of particles; f)i,’J' is defined in a similar way. The individual scalar equations in system (
are arranged in an order corresponding to (10).

B. Preconditioning

The discrete form of the integral identity (7) corresponding to the discretization und
lying the linear system (9) is

Aw® =0, (11)

k=1,...,N, where the discrete exact or approximate eigenveatbr contains the

x andy components of the normal vector at the collocation points arounkitthparticle
contour. When the boundary elements are straight segments, in which case the discre
particle contour is polygonal, the normal vector over each element is constant, and cond
(11) is satisfied up to the numerical error associated with the numerical computation of
elements of the master influence matrix. In the present implementation where highly a
rate numerical integration is employed, the numerical error is comparable to the round
error. More generally, as the discretization error is reduced by increasing the numbe
collocation pointsw® reduces to an exact eigenvector.

The discussion in the previous paragraph suggests that the ndafrikoduced in
Eq. (9) is nearly or precisely singular, reflecting the non-uniqueness of solution of 1
integral equations (4); as the truncation error is reduced, the condition number is ra
(e.g., [21, p. 207]). To the author’s knowledge, in all previous numerical solutions
this or similar integral equations, the nearly singular behavior of the master linear r
trix was ignored, and the numerical method had to rely on the discretization error,



368 C. POZRIKIDIS

round-off error, or the inherent geometrical symmetry of the flow to produced a se
sible solution. General methods for regularizing nearly singular algebraic systems
spectrum deflation have been discussed by several authors (e.g., [30-32]). In the pre
case, knowledge of the adjoint eigenvectors of the single-layer potential correspondin
the null eigenvalue allows us to perform preconditioning with the least amount of p
turbation.

The discrete form of the right-hand side of the solvability condition (8) corresponding
the discretization underlying the system (9) is

> (RY);(n);nfe, (12)

i

where|j runs over the collocation points around the contour ofktieparticle, andwgk)
is an integration weight with respect to arc length associated with the Gauss—Leget
quadrature, playing the role of a discrete metric. When the particle contour is polygonal
the vectorR varies in a polynomial-like manner over an element with a degree that is low
than that required for exact integration by use of the Gauss—Legendre quadrature, su
to the available number of collocation points, the discrete form of the solvability conditic
is satisfied to machine accuracy.

To render the system (9) singular while guaranteeing an infinity of solutions, we prem
tiply both sides of it by the preconditioning matidefined as

N
pP=TJ (1 - v¥'v¥), (13)
k=1

where the superscript T stands for the transpose, and the vetfoese global adjoint
eigenvectors with the following properties: the lengthvé? is equal to twice the total
number of collocation points over all particles; all component$are equal to zero except
for the components corresponding to #th particle block on the right-hand side of (10)
that hosts the local discrete eigenveaté? (n{*)); h(jk), j=1,..., Ng;, where summation
is not implied overj, anda® is a scaling coefficient adjusted so that the length(8fis
equal to unity. Since the set is orthogonal, the order of multiplication on the right-hand
side of (13) is immaterial. In the numerical implementation, only those rows and colurnr
of the matrixA corresponding to the non-zero entriesw¥ are altered during thkth
projection.

After preconditioning, the system (9) takes the form

APZ = b, (14)

whereAP = PA, b” = Pb, and the superscript P stands for preconditioned. The vettor
is an exact eigenvector of the transpose of the singular maftroorresponding to the zero
eigenvalue, and the following solvability condition is also satisfied to machine accuracy

v . P = 0. (15)

Thus, the projection guarantees the satisfaction of both the integral identity (6) and the s
ability condition (8), while introducing the mildest possible perturbation of the right-har
side: when expression (12) is equal to zero, the projection has no effect on the right-hand:
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C. Reduction

To obtain one solution of the singular system (14), we set the value of tbenponent
of the traction at the last collocation point around each particle equal to an arbitrary va
that was chosen to be zerﬁ,';N“‘ =0,i=1,2,...,N. This is permissible as long as the
corresponding normal vector does not point in théirection; if it does, then another
unknown can be set equal to zero. Discarding the corresponding equations from sys
(14), we obtain the system

APRAR — pPR (16)

where the superscript R stands for reduced. Equation (16) has a unique solution that
be computed using any dense-system linear solver, for example, a solver based on C
elimination.

D. Iterative Solution

Even with a moderate number of particles, the computational cost required for solv
the linear system is unaffordable. In practical applications, we are interested in flows v
at least 25 particles and require a minimum of 32 collocation points around each particle
reasonable accuracy, corresponding to a linear system with 1600 unknowns. It is imper:
that the linear system be solved by an iterative method.

We have implemented a physically motivated iterative method thatis similar to the dom
decomposition method developed by Phan-Thien and Tullock with reference to the adj
double-layer representation [33]. The idea is to recast the primary or preconditioned
reduced linear system into the form

MOz = NOz+ bR, (17)

where the qualifier Q either is absent or stands for PR, and then perform Jacobi or Ga
Siedel iterations based on the recursion formula

MQZK+D — NQZK bD, (18)

where the superscrigk) designates the number of iterations. The form of (18) is based ¢
the splittingA® = M? — N, whereM @ is a block-diagonal matrix whose blocks corresponc
to particle clusters The individual equations corresponding to particle clusters have be
decoupled, and solving faf*t requires the inversion of diagonal blocks. When only one
particle cluster is defined encompassing all partids = A, NQ = 0, the solution is found
after only one iteration.

When each particle is treated as a cluster, solvingfo® requires the inversion afl
diagonal blocks. In the case of non-periodic flow in free space, this needs to be done «
once, independent of the particle orientation: the tensorial nature of the Green'’s func
allows us to construct the inverse of the diagonal blocks corresponding to a certain par
orientation from that for a different orientation by an orthogonal transformation. This pro
erty is especially important when multiple solutions with different relative particle positiot
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are to be performed as, for example, in the Monte Carlo simulation of flow through rand
arrays. The relative particle and particle-boundary position and orientation, however, af
the off-diagonal block elements of the master linear system; that is, they affect the ma
N on the right-hand side of (18). Treating each particle as a cluster effectively impleme
Faxen'’s law for computing the force and torque due to an incident flow used in the metho
Stokesian dynamics for Stokes flow. Lubrication tractions are taken into account explic
by means of the boundary-integral equation.

E. Results and Discussion

Wannier [34] derived an exact solution of the flow due to a circular particle rotating wi
angular velocity or translating with velocityJ parallel to a plane wall. His results imply
that the flow can be expressed in terms of a finite sum of Stokes flow singularities loca
at appropriate points inside the particle and at image points with respect to the wall. TF
component of the force and tlkecomponent of the torque with respect to the center of .
particle, both per unit width of the particle, are given by

Yo+ /YZ—a?\
Fr= —8ruU | In 22T VY =% (19)
" < Yo —\/YZ —a?
and
2 Ye
M, = —4rpua“Q (20)

wherey. is the distance of the particle center from the wall anslthe particle radius. Note
that as the particle approaches the wall, that isj.aends toa from higher values, both
the force and the torque tend to become singular in different functional forms. Irregu
behavior of the force arises in the limit as the particle moves away from the wall due to
ill-posedness of two-dimensional infinite Stokes flow.

In Table I, we present the error in the force and torque computed using the numer
method described previously in this section, yo&= 1.5a; Ng is the number of boundary
elementsNgc is the number of collocation points per element, &hd is the total number

TABLE |
Errorinthe Force and Torque Exerted on a Circular Particle of Radius a
Rotating with Angular Velocity €2 and Translating with Velocity U Parallel
to a Plane Wall Located aty=0 for y. = 1.5a

Ne Nec Nrc |F — BP9 /uU IM, — ME /ua2Q
8 2 16 0.01554 0.01256

16 1 16 0.01437 0.09109
8 4 32 0.00006 0.00005

16 2 32 0.00099 0.00091

32 1 32 0.00179 0.02492
8 8 64 0.00001 0.00001

16 4 64 0.00000 0.00000

32 2 64 0.00012 0.00013

64 1 64 0.00022 0.00650
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of collocation points. In the boundary-integral formulation, we employ the Green'’s functi
for semi-infinite Stokes flow bounded by a plane wall, which is expressible in terms of t
free-space singularity and a few singularities located at the reflection of the point force v
respect to the wall [e.g., 23]. The boundary elements are native elements of a circle \
equal arc lengths and are parametrized in terms of the polar angle. Using Egs. (19) and
we find that the exact values for the force and torque are givefby—13.0570uU and

M, = —16.8600.a°%2.

The results in Table | illustrate the superiority of the orthogonal-collocation methe
over the trapezoidal discretization. For a fixed total number of collocation points, t
accuracy improves dramatically as the number of element collocation points is raised w
the number of elements is reduced so that their product remains constant, except fo
crudest discretization with eight elements around the particle contour. For the trapezo
discretization, increasing the number of elements by a factor of 2 reduces the error |
factor of 8, indicating a third-order discretization error. In contrast, for the spectral elem
discretization, increasing the number of collocation points over an element by a factor «
causes a seemingly exponential reduction in the numerical error. The anomalous beh:
observed folNg = 8 andNgc = 8 is probably due to the accumulation of round-off error.

To perform a more demanding test, we consider a particle placed closer to the w
yc=1.05a. In Table I, we present the error in the computed force and torque; the ex
values are given by, = —39.90277 U and M, = —41.21328 ua’Q. The behavior of
the solution is similar to that described in the preceding paragraph. In Fig. 2, we plot
distribution of the shear stress for a particle translating parallel to the wall. The hollc
circles correspond thle = 64 andNgc = 1, and the filled squares correspond\ip= 8 and
Nec = 8. Itis remarkable that, for the second type of discretization, the error in the force
less than 0.05% in spite of the strong variations in the traction spanning nearly two orc
of magnitude over a narrow zone of lubrication flow.

To illustrate the performance of the method for non-circular shapes, in Tables Il and
we present the force and torque exerted on an elliptical particle with majoa arid minor
axisb translating parallel to a plane wall, for aspect ratjto = 5. The boundary elements
are native elements of the ellipse described in terms of its natural parameter. The m
or minor particle axis is perpendicular or parallel to the wall, respectively for Tables |
and 1V, and the clearance between the particle and the wal-i8.05a. In the first case,

TABLE Il
Errorinthe Force and Torque Exerted on a Circular Particle of Radius a
Rotating with Angular Velocity €2 and Translating with Velocity U Parallel
to a Plane Wall Located aty =0, for y. =1.05a

Ne Nec Nrc [Fx — FxExamVMU Mz — MzExamVllaZQ
8 2 16 2.19331 6.58803

16 1 16 1.47488 6.91860
8 4 32 0.21713 0.23512

16 2 32 0.62802 0.38974

32 1 32 1.41577 0.60800
8 8 64 0.01044 0.00443

16 4 64 0.01280 0.01701

32 2 64 0.18388 0.16490

64 1 64 0.37801 0.31138




372 C. POZRIKIDIS

20.0 T T T T T T
00 -_‘D”MWGMDGMDG [~ OGNUCQ’:

t/pk ¢ °
-20.0 | .. .
-40.0 | - -

-60.0 P T T | . L .
0.0 0.2 04 0.6 0.8 1.0
l/ltot

FIG. 2. Distribution of the shear stressover the surface of a circular particle of radauranslating parallel
to a plane wall, plotted against the arc length. The center of the patrticle is located at a distance equal to 1
above the wall. The hollow circles correspondNe= 64 andNgc = 1, and the filled squares correspond\io= 8
andNgc=8.

the results converge rapidly with increasing number of collocations, as in the case of
circular particle previously considered. In the second case, the convergence is slower d
the large extent of the lubrication zone underneath the elongated particle. In Fig. 3, we
the distribution of the shear stress corresponding to the conditions of Table IV; the holl
circles correspond thle = 64 andNgc = 1, and the filled squares correspond\o= 8 and
Nec = 8. In this case, the positioning of the collocation points has a strong influence on
computed distribution of the traction.

Having established the properties of the spectral-element method, we proceed to con
the issue of convergence of the iterative method expressed by Eq. (18). As a test case
consider simple shear flow past two circular particles of ragissparated by the distance
held stationary in simple shear flow. The center of the simple shear flow is placed midv

TABLE IlI
Force and Torque Exerted on an Elliptical Particle with Major Axis
Equal to a and Aspect Ratio Equal to 5, Translating with Velocity U
with the Minor Axis Parallel to a Plane Wall

Ne Nec Nrc Fx/nuU M,/uau
8 4 32 —22.74495 —10.53661
16 2 32 —22.66536 —10.46246
32 1 32 —22.58783 —10.44217
8 8 64 —22.72806 —10.52162
16 4 64 —22.72825 —10.52192
32 2 64 —22.72524 —10.51882
64 1 64 —22.69395 —10.50306

Note.The clearance between the particle and the walkH<0.05a.
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TABLE IV
Force and Torque Exerted on an Elliptical Particle with Major Axis
Equal to a and Aspect Ratio Equal to 5, Translating with Velocity U
with the Major Axis Parallel to a Plane Wall

Ne Nec Nrc Fx/nuU M,/unal

8 4 32 —44.68229 73.14232
16 2 32 —44.26615 68.58008
32 1 32 —42.21933 55.01139

8 8 64 —43.82250 64.93227
16 4 64 —43.94968 66.21390
32 2 64 —43.82126 65.17173
64 1 64 —43.52646 62.91239

Note.The clearance between the particle and the walk<0.05a.

between the particles, so that the force exerted on the doublet vanishes preventing
logarithmic divergence of the velocity at infinity. Since the properties of the effective pr
jection matrix associated with Eq. (18) are independent of the type of incident flow, t
results are applicable to more general types of flow and orientations of the particle
In these test computations, each particle is treated as one cluster. In Fig. 4, we plot
log-linear scale the root mean square of the error in the two components of the trac
against the number of iterations fofa=0.20, 0.10, 0.06, 0.02. The iterations converge
at a linear rate in all cases, even in the case of nearly touching particles, but the rat
convergence is significantly reduced as the particles come closer.

Similar results were obtained for many-particle configurations, where single partic
or groups of particles are treated as clusters. The rate of convergence of the iterat
was found to depend on the number of clusters defined, but convergence was obse

20-0 T T T T T T

10.0 |

0.0 F

T/uk
-10.0 -
-20.0 |

-30.0 |

0.0 0.2 0.4 0.6 0.8 1.0

-40.0 Lo———

171 tot

FIG. 3. Distribution of the shear stressover the particle surface corresponding to the conditions of Table IV
plotted against the arc length. The hollow circles corresponigte- 64 andNgc =1, and the filled squares
correspond tdNg = 8 andNgc = 8.
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FIG. 4. Convergence test for two circular particles of radiiseparated by a distaneeRoot mean square of
the error in the two components of the traction plotted against the number of iteratieria fe10.20, 0.10, 0.06,
0.02.

under demanding conditions where the particles formed agglomerates and each pa
was treated as a cluster. For nearly touching particles, reducing the number of elem
while holding the total number of collocation points fixed reduces the rate of converger
and under some extreme conditions may even lead to divergence.

In Fig. 5, we plot on a log-linear scale the root mean square of the error in the t
components of the traction against the number of iterations for uniform flow past a rand

50 — . ,

0.0

log(rms(E)) :

-5.0

-10.0

g0 b
0.0 50.0 100.0 150.0 200.0

Iteration number

FIG. 5. Uniform flow through a doubly periodic matrix of 25 elliptical particles displayed in Fig. 6. Roof
mean square of the err@ in the two components of the traction plotted against the number of iterations. In tf
iterations, each particle is treated as a cluster.
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FIG. 6. Streamline pattern of uniform flow through a doubly periodic array of randomly distributed fixe
elliptical particles, representing a non-consolidated porous medium.

doubly periodic lattice of 25 elliptical particles displayed in Fig. 6. The two curves corr
spond to two different levels of discretization with 16 or 32 elements around each parti
contour, each one hosting one collocation point. In the boundary—integral formulation,
account for the periodicity of the flow by use of the doubly periodic Green’s function «
two-dimensional Stokes flow [28]. In this computation, each particle is treated as a clus
Figure 5 confirms that the rate of convergence for well-separated particles is insensitiv
the level of discretization. In this case, the direct solution of the master linear system wc
require a number of operations on the order of, Mhereas the inversion of the block

diagonal matrices corresponding to the individual particles requires a number of operat
on the order of 1§ thus allowing for significant computational savings. The difference
are exacerbated when a larger number of particles or collocation points are employed.

lll. FLOW OF A SUSPENSION OF RIGID PARTICLES

In the second class of problems, we consider the flow of a suspension of rigid partic
upon which a specified force or torque is exerted. In practice, the force may be due
gravity, and the torque may be due to an electromagnetic field exerted on magnetize
electrically polarized particles. Theth particle translates with velocity® and rotates
around thez axis with respect to a designated particle cerfemwith angular velocity2®,
while experiencing a specified foré&“ and torquer ®.

To develop the boundary—integral formulation, we decompose the velocity into an in
dent velocity that prevails in the absence of the partialés, and a disturbance velocity
due to the particlesi®. Applying the boundary—integral representation at a pojiacated
at the surface of thkth particle and requiring the rigid-body-motion boundary condition

Uj (Xo) = U,-(k) +eim 2 (xo — x) (21)



376 C. POZRIKIDIS

we derive the integral equation
1
4 / Gij (X, %o) fi () dl(x) + Uj(k) +eim 2 (xo — X, =UPxo).  (22)
c

whereC is the collection of all particle contours, ahds the traction.
Specifying the force and torque exerted on the particles demands the integral constr:

/ fi 00 dl(x) = F® (23)
C
and
E2im / fi 00 (x —x¥)_dl(x) = T, (24)
C

The numerical task is to solve the integro-algebraic equation (22) for the boundary tract
and for the linear and angular velocities of the particle, subject to the constraints impo
by (23) and (24). As in the case of the resistance problem considered in Section II,
integral equation (22) has an infinite number of solutions; any particular solution over e:
particle contour may be enhanced with an arbitrary multiple of the normal vector.

To solve the integral equation (22) for the traction, we use the spectral element met
described in Section Il. Requiring the satisfaction of the integral equation (22) at collocat
points located at the scaled zeros of Legendre polynomials over each element, and usin
Gauss—Legendre quadrature to compute the integrals in (23) and (24) over each eler
we find the system of linear algebraic equatiéws=Db, whereA is the master influence
matrix, b is a constant vector, and the vectoecontains the unknown values of tleand
y components of the traction over all elements, as well as the particle linear and ang
velocities, in the following order:

2 Pl S R PR R P VSRV ol
21 £22 2,N 21 £22 2,Nc, (2 2 o®@
A2 f22 £ 12 £22 2N U@ UP,
i,2 ¢i,2 i,N il ¢i,2 i,Ne,i @) i o)
I VR VS SN FaR C T N VN UL o)

AE RN N N g2 ey g UV ) (25)

The individual scalar equations of the linear system are arranged in a similar order, with
x andy components of the force constraint (23) and the torque constraint (24) appen
to the boundary—integral equations written for each particle contour. The corresponc
rows of the matrixA are expressed in terms of the integration weights associated with t
collocation point. Preconditioning, reduction, and iterative solution of the extended ma:
linear system are done as discussed in Section Il. The updates are based on the algor

MOZHD = NQZW 4 pP, (26)

whereM?Q is a block-diagonal matrix whose blocks correspond to particle clusters. T
only new feature is that the particle velocity and rate of rotation are also updated during
iterations along with the boundary traction.
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TABLE V
Velocity of Translation and Angular Velocity of Rotation of
a Circular Particle of Radius a in a Symmetric Particle Pair
Subjected to Simple Shear Flow with Shear Rat&

Ne Nec Nrc U,/ka Q./k

8 4 32 0.83663 0.72173
16 2 32 0.83621 0.72217
32 1 32 0.83718 0.72112

8 8 64 0.83671 0.72165
16 4 64 0.83667 0.72169
32 2 64 0.83665 0.72172
64 1 64 0.83671 0.72165

Note.The clearance between the particle and the walk<0.04a.

A. Results

First, we illustrate the effectiveness of the spectral-element method by considering
motion of two circular force-free and torque-free particles of radiusubject to a simple
shear flow with shear rate The particle centers are placed perpendicular to the directic
of the flow, and the clearance between the particle surfaces-18.04a. In the iterative
solution, each particle is treated as an individual cluster of collocation points. In Table V,
present the velocity of translation and the angular velocity of rotation of one particle for
assortment of boundary elements and number of collocation points over each element.
results show that using eight elements over each parfitles 8, and a third-order poly-
nomial expansioniNec = 4, produces a velocity of translation and rate of rotation accura
to the fourth significant figure, which is adequate in dynamical simulations. Interesting
for reasons that are not entirely clear, the accuracy of the results for 64 collocation po
around each particle is insensitive to the number of elements employed.

Next, we consider the convergence of the iterative method expressed by Eq. (26). As e
case, we consider simple shear flow past two force-free and torque-free circular particle
radiusa, separated by the distaneeln Fig. 7, we plot on a log-linear scale the root mear
square of the error in the two components of the traction against the number of iteration:
g/a=0.20, 0.10, 0.04, corresponding iz = 16 andNgc = 2. The iterations converge at
alinear rate in all cases, but the rate of convergence is significantly reduced as the part
come closer. When/a=0.02, the iterations diverge.

To further illustrate the performance of the method, in Fig. 8 we plot on a log-line
scale the root mean square of the error in the solution vector plotted against the numb
iterations, for simple shear flow past a random doubly periodic distribution of 25 force-fr
and torque-free elliptical particles, corresponding to the configuration displayed in Fig
The solid, dashed, and dot-dashed curves correspond, respectively, to three different |
of discretization with 16, 32, or 48 elements around each particle contour, each hosting
collocation point. In the boundary—integral formulation, we account for the periodicity
the flow by using the doubly periodic Green’s function of two-dimensional Stokes flo
The iterations converge much faster than in the case of flow past a fixed array consid
in Section Il. This is attributed to the faster decay of the flow induced by each particle
the absence of a net force and torque exerted on it.
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FIG. 7. Convergence test for two circular particles of radiuseparated by a distaneeRoot mean square
of the errorE in the solution vector plotted against the number of iterations far=0.20, 0.10, 0.04.
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FIG.8. Simple shear flow past a random doubly periodic distribution of 25 force-free and torque-free elliptic
particles displayed in Fig. 6. Root mean square of the dfrgiotted against the number of iterations. In the
iterations, each particle is treated as a cluster.
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IV. DISCUSSION

We have made three contributions to the implementation of boundary-element me
ods for particulate Stokes flow. We have implemented and investigated the propertie
the spectral-element collocation method building on the previous work of Higdon a
co-workers [25, 26], we have developed a practical method for removing the multiplicity
solutions by projection, and we have shown that a simple iterative method for solving
master linear system converges even under demanding conditions, both for the resist
and for the mobility problem.

For the boundary-integral method to become an effective computational tool in simul
ing fluid—particle systems of large size, several issues must be further considered. In |
the resistance and the mobility problem, the vast majority of the CPU time is expent
in computing the entries of the master influence matrix by evaluating regular and sin
lar integrals over the boundary elements. First, the computational cost may be reduce
evaluating the Green'’s function by means of interpolation from look-up tables [e.g., 3
Second, when the particles are well separated, the integrand of the single-layer inte
over the boundary elements shows only mild fluctuations, and this allows us to desc
hydrodynamic interactions with lower resolution and to use the method of multi-pole ¢
pansions [13]. In the first approach, the rows and columns of the master influence me
corresponding to collocation points located on well-separated particles are computed:
low-order quadratures or even by trapezoidal integration. Additional simplifications mic
be possible by the use of the fast-summation methods for the rapid evaluation of sur
integrals developed by Greenbaum and Mayo [37]. These issues are the topic of currer
vestigation and will be discussed in a forthcoming paper along with the results of dynam
simulations.

The developments presented in this paper may be extended in a straightforward ma
to three-dimensional flow. In one implementation of the boundary-element method,
surface of each three-dimensional particle is discretized into a set of triangular eleme
and the three Cartesian components of the traction are expressed in terms of an e
sion of basis functions developed by Dubiner [38], Sherwin and Karniadakis [39], a
Heinrichs [40], involving Jacobi polynomials. Preconditioning of the master linear syste
and reduction may be carried out as discussed in Section Il for two-dimensional flow.
integral equation is then applied at the zeros of the aforementioned basis functions «
base points of a triangle quadrature to achieve spectral accuracy. The accurate compu
of the singular boundary integrals, however, requires the use of specialized quadrat
for the integration of singular and weakly singular integrals over the triangles that are
available.

In conclusion, the development of accurate and efficient numerical procedures for
dynamical simulation of suspensions with a large number of arbitrarily shaped particle
a prerequisite for gaining further understandings into the dynamics of suspensions. Fol
ample, the question of whether hydrodynamic interactions between non-spherical parti
yield a particle orientation distribution that is independent of the initial condition in tf
absence of random Brownian rotation remains unanswered [41]. If the answer is affiri
tive, then the probability distribution function of the particle orientation may be describ
by a generalized diffusion equation involving a rotational hydrodynamic diffusivity ths
can be evaluated from the results of dynamical simulations using methods of statist
mechanics.
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